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Introduction 



Thomas Piecha and Peter Schroeder-Heister 



Abstract As documented by the papers in this volume, which mostly result from the 
second conference on proof-theoretic semantics in Tubingen 2013, proof-theoretic 
semantics has advanced to a well-established subject in philosophical logic. 

Keywords Proof-theoretic semantics 

In the mid-1980s, the term “proof-theoretic semantics” (Schroeder-Heister 1991 
[13], and before in lectures) was proposed (1) to explain meaning in terms of proof 
rather than denotation or truth and (2) to give a semantics for proofs. Though related 
to the meaning-as-use approach in the philosophy of language, and belonging to 
what in a more general setting has been called “inferentialism” (B random 1994 [1]), 
the intention of proof-theoretic semantics was to capture and continue the specific 
line of research that originated from the work of Gentzen (1934/35) [5] (and also 
Jaskowski 1934 [6]) and was taken up and developed, amongst others, by Lorenzen 
(1955) [8], Prawitz (1965, 1971) [11, 12], von Kutschera (1968) [15], Martin-Lof 
(1975, 1984) [9, 10], and Dummett (1975, 1991) [2, 3]. Whereas in the 1980s proof- 
theoretic semantics was almost exclusively the business of proof-theorists, the field 
has since expanded into the wider area of philosophical logic. The first conference 
on proof-theoretic semantics was held in 1999 in Tubingen with a special issue of 
Synthese originating from it, which was published in 2006 (Kahle and Schroeder- 
Heister 2006 [7]). At the time of this first conference, the subject still belonged to a 
relatively small community of logicians and philosophers. This has changed in the 
meantime. One only needs to look at the multitude of papers published on issues 
of proof-theoretic semantics in the past decade and at the widespread usage of this 
term. “Proof-theoretic semantics” is no longer the provocative title it used to be, 
containing an alleged contradictio in adjecto between proof theory as dealing with 
syntax, and semantics as dealing with meaning. The link between proofs and meaning 
is well-established now. Given the growing interest in the subject, we organised a 
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second conference on proof-theoretic semantics in Tubingen in 2013 to discuss the 
advances in the now well-established field (for overviews see Wansing 2000 [16], 
Schroeder-Heister 2012 [14]). Some speakers of the second conference had already 
spoken at the first, namely Dosen, Dyckhoff, Hallnas, Kahle, Prawitz, Sundholm, 
Tait and Usberti. 

The presentations given at the conference were the following. 

• Sergei N. Artemov: On Brouwer-Heyting-Kolmogorov provability semantics 

• Walter Dean and Hidenori Kurokawa: Kreisel’s second clause and the Theory of 
Constructions 

• Kosta Dosen: Two ways of general proof theory 

• Roy Dyckhoff: Generalised elimination rules 

• Lars Hallnas: On the proof-theoretic foundations of set theory 

• Wilfrid Hodges: The choice of semantics as a methodological question 

• Reinhard Kahle: The mode of presentation 

• Yoshihiro Maruyama: On paradoxes in proof-theoretic semantics 

• Jan von Plato: Explicit composition and its application in normalization proofs 

• Dag Prawitz: Remarks on relations between Gentzen and Hey ting inspired PTS 

• Giovanni Sambin: Unification of logics by reflection 

• Goran Sundholm: BHK and Brouwer’s theory of the creative subject 

• William W. Tait: Compositional semantics for predicate logic: Eliminating bound 
variables from formulas and deductions 

• Gabriele Usberti: Intuitionism, the Paradox of Knowability and empirical negation 

• Heinrich Wansing: A two-sorted typed lambda-calculus 

This volume collects the contributions of many of the participants, not necessarily 
in the form presented, and also some additional papers by authors who did not speak at 
the conference. Therefore it exemplifies from many perspectives what proof-theoretic 
semantics is about. The papers by Prawitz and Dean and Kurakowa confront the 
proof-theoretic approach with the constructive semantics of Heyting and of Kreisel 
and Goodman, respectively. Dosen pleads for a categorial approach to proof-theoretic 
semantics, arguing that it best exhibits the structures of deductions. Dyckhoff ’s paper 
is a critical examination of approaches in proof-theoretic semantics based on general 
elimination rules of a certain form. Maruyama gives a taxonomy of various forms 
of paradoxes based on a categorial approach to proof-theoretic harmony. Usberti 
proposes a solution to the epistemic knowability paradox from the standpoint of logic. 
Von Plato investigates the significance of a rule of explicit composition in natural 
deduction which makes the substitution of a derivation for an open assumption an 
inference step of its own. Kahle applies proof-theoretic semantics to the treatment of 
equality by elucidating the difference between extensional and intensional equality 
in a non-denotational way. Hallnas sketches some ideas towards a proof-theoretic 
foundation for set theory using generalisations of definitional reflection. The paper by 
Hodges, which is the only one not written from the perspective of a proof-theoretic 
semanticist or constructivist, defends model theory against false claims from the 
proof-theoretic semantics ‘camp’. It is followed by a reply by Dosen. 
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Goldfarb’s paper has been circulating for more than 15 years and has been referred 
to repeatedly. It was the subject of Dummett’s presentation at the first conference 
in 1999. It represents significant results on the proof-theoretic semantics of intu- 
itionistic logic, in particular on the question of completeness. Another contribution 
not presented at the conference is a chapter of Ekman’s thesis (Ekman 1994 [4]). It 
uses an interesting way of associating labels with formulas that are proved, which 
is different from standard Curry-Howard term-annotation and particularly suited 
to analyse non- well-founded and paradoxical reasoning, a topic which has recently 
gained much attention in the proof-theoretic semantics community. There are also 
papers by us, the editors: An overview on results concerning completeness in proof- 
theoretic semantics and a presentation of three open problems that are considered 
significant for the further development of the subject. 

We would like to thank all participants of the conference, and in particular all 
contributors to this volume, who made this work possible, as well as those who 
helped with reviewing and editing the papers. We are also very grateful to Marine 
Gaudefroy-Bergmann for invaluable organisational assistance. The second editor 
is particularly grateful to Reinhard Kahle and Thomas Piecha, who organised the 
conference as a present for his 60th birthday including a special colloquium with 
friends and colleagues. 
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On the Relation Between Hey ting’s 
and Gentzen’s Approaches to Meaning 



Dag Prawitz 



Abstract Proof-theoretic semantics explains meaning in terms of proofs. Two differ- 
ent concepts of proof are in question here. One has its roots in Heyting’s explanation 
of a mathematical proposition as the expression of the intention of a construction, 
and the other in Gentzen’s ideas about how the rules of Natural Deduction are jus- 
tified in terms of the meaning of sentences. These two approaches to meaning give 
rise to two different concepts of proof, which have been developed much further, but 
the relation between them, the topic of this paper, has not been much studied so far. 
The recursive definition of proof given by the so-called BHK-interpretation is here 
used as an explication of Heyting’s idea. Gentzen’s approach has been developed as 
ideas about what it is that makes a piece of reasoning valid. It has resulted in a notion 
of valid argument , of which there are different variants. The differences turn out to 
be crucial when comparing valid arguments and BHK-proofs. It will be seen that 
for one variant, the existence of a valid argument can be proved to be extensionally 
equivalent to the existence of a BHK-proof, while for other variants, attempts at 
similar proofs break down at different points. 

Keywords Proof • Valid argument • Meaning • Semantics • Heyting • Gentzen 



1 Introduction 



The term “proof-theoretic semantics” was introduced to stand for an approach to 
meaning based on what it is to have a proof of a sentence. The idea was, at least 
originally, that in contrast to a truth-conditional meaning theory, one should explain 



This is an elaborated version of a talk at the “Second conference on proof-theoretic semantics” 
at Tubingen in March 2013. Earlier versions have also been presented elsewhere and have been 
circulated among some colleagues, which has given me the benefit of several comments. I thank 
especially Per Martin-Lof, Peter Schroeder-Heister and Luca Tranchini for their suggestions, which 
have stimulated me to prove stronger results and to improve the presentation. 
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the meaning of a sentence in terms of what it is to know that the sentence is true, 
which in mathematics amounts to having a proof of the sentence. 1 

There are in particular two different concepts of proof that have been used in 
meaning theories of this kind, but the relation between them has not been paid much 
attention to. They have their roots in ideas that were put forward by Arend Hey ting 
and Gerhard Gentzen in the first part of the 1930s. Their approaches to meaning are 
quite different and result in different concepts of proof. Nevertheless there are clear 
structural similarities between what they require of a proof. The aim of this paper 
has been to compare the two approaches more precisely, in particular as to whether 
the existence of proofs comes to the same. 

I shall first retell briefly how Heyting and Gentzen formulated their ideas and 
how others have taken them. In particular, I shall consider how the ideas have been 
or can be developed so that they become sufficiently precise and general to allow a 
meaningful comparison, which will then be the object of the second part of the paper. 



2 Heyting’s Approach to Meaning 

A mathematical proposition expresses according to Heyting the intention of a con- 
struction that satisfies certain conditions. He explained the assertion of a proposition 
to mean that the intended construction had been realized, and a proof of a proposi- 
tion to consist in the realization of the intended construction (Heyting 1930 [5, pp. 
958-959], 1931 [6, p. 247], 1934 [7, p. 14]). Thus, according to this explanation, to 
assert a proposition is equivalent with declaring that there is proof of the proposition. 
The notion of proof retains in this way its usual epistemic connotation: to have a 
proof is exactly what one needs in order to be justified in asserting the proposition. 

As an important example, Heyting explained the meaning of implication, saying 
that “a Db means the intention of a construction that takes any proof of a to a proof 
of V\ 

There are several proposals for how to develop Heyting’s ideas more explicitly. 
One early proposal due to Kreisel (1959, 1962) [10, 11] suggests quite straightfor- 
wardly that the constructions intended by implications and universal quantifications 
are constructive functionals of finite type satisfying the conditions stated by Heyting. 2 

The so-called BHK-interpretation stated by Troelstra and van Dalen (1988) [24], 
which is less developed ontologically, defines recursively “what forms proofs of 



1 Schroeder-Heister (2006) [22], who coined the term and used it as the title of a conference that he 
arranged at Tubingen in 1999, writes that proof-theoretic semantics “is based on the fundamental 
assumption that the central notion in terms of which meanings can be assigned to expressions of 
our language ... is that of proof rather than truth”. 

2 Kreisel was interested in this interpretation as a technical tool for obtaining certain non-derivability 
results. For a foundation of intuitionistic logic he suggested another interpretation that took a proof 
of an implication to consist of a pair (a, f) where a is a construction satisfying the condition stated 
by Heyting and f is a proof of the fact that a satisfies this condition (Kreisel 1962 [12]). 
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logically compound statements take in terms of the proofs of the constituents”. 3 
What is here called a proof corresponds rather to what Heyting calls an intended 
construction, but it has become common in intuitionism to speak about proofs in this 
way, and I shall follow this way of speaking. 

For my purpose here it is sufficient to stay roughly at the level of precision of the 
BHK-interpretation. I assume that we are given a set !P of proofs of atomic sentences 
of a first order language and an individual domain D. What it is to be a proof over 
& of a closed compound sentence A in that language is then defined by recursive 
clauses like the ones below: 

(1) a is a proof over T of A Z> B, if and only if, a is an effective operation such that 
if f is any proof over fP of A then ot(fi) is a proof over fP of B. 

(2) a is a proof over fP of VxA(x), if and only if, a is an effective operation such 
that for any element e in the individual domain D, a (e) is a proof over fP of the 
instance A(e). 

Instead of speaking of proofs of open sentences A(x) under assignments of individ- 
uals to variables, I have here assumed for convenience that each element e in the 
individual domain D has a canonical name, and understand by A(e ) the closed sen- 
tence obtained by substituting in A(x) this canonical name of e for x. Furthermore, I 
assume that if a is as stated in clause (2), then there is another effective operation a *, 
effectively obtained from a, such that for any closed term t, a*(t) is a proof of A(t). 

To distinguish proofs defined by recursive clauses of this kind, I shall sometimes 
refer to them as BHK-proofs. 



3 Gentzen’s Approach to Meaning 



Gentzen’s approach to meaning is commonly described by saying that he had the 
idea that the meaning of a logical constant is determined by its introduction rule in 
Natural Deduction, or as he put it himself: “the introductions present, so to speak, the 
‘definitions’ of the symbols concerned” (Gentzen 1934-35 [4, p. 189]). However, 
this should not be confused with what has later become known as inferentialism, the 
view that the meaning of a sentence is given by the inference rules concerning the 
sentence that are in force, which was advocated by Carnap (1934) [1] at about the 
same time. For Gentzen only some of the inference rules are meaning constitutive, 
viz. the introduction rules. To indicate their special status, a proof or deduction 
whose last step is an introduction is now commonly called canonical or is said to be 
in canonical form . 4 



3 BHK stands here for Brouwer-Heyting-Kolmogorov, but there is also another interpretation stated 
by Troelstra (1977) [23] that is called the BHK-interpretation, where BHK stands for Brouwer- 
Heyting-Kreisel. It is more akin to Kreisel’s second proposal mentioned in footnote 2. 

4 Prawitz (1974) [19]. The term “canonical proof’, which was used already by Brouwer in a different 
context, was applied to normal proofs by Kreisel (1971) [13] and to proofs mentioned in the 
intuitionistic meaning explanations (such as the BHK-interpretation) by Dummett (1975) [2]. 
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Besides introduction rules there are elimination rules and about them Gentzen 
says “in an elimination we may use the constant only in the sense afforded to it by 
the introduction of that symbol”. What is intended is clearly that we may use the 
constant only in this sense, if we are to justify the elimination inference. Gentzen is 
obviously concerned with what justifies inferences: the introductions stipulate what 
the logical constants mean, and the eliminations are justified because they are in 
accord with this meaning. 

He clarifies how his ideas are to be understood by giving one example, saying that 
given an implication Ad B as premiss, “one can directly infer B when A has been 
proved, because what Ad B attests is just the existence of a proof of B from A”. 5 

Three important principles can be distinguished here. Firstly , what a sentence 
“attests” is the existence of a canonical proof. An introduction is therefore immedi- 
ately justified: given proofs of its premisses, the conclusion is warranted, since what 
the conclusion attests is just that there is a canonical proof of it — the introductions 
are self-justifying, as one says, when they are taken to be what gives the meanings 
of the logical constants. Thus, in view of what a sentence attests, a canonical proof 
is in order, or is valid, provided only that its immediate sub-proofs are. 

Secondly , the justification of an elimination consists more precisely in the fact 
that given that there are proofs of the premisses of the elimination and that the proof 
of the major premiss is of the kind attested to exist, that is, is in canonical form, a 
proof of the conclusion can be obtained from these proofs without the use of that 
elimination. For instance, as Gentzen points out, a proof of the conclusion B of an 
implication elimination can be obtained from proofs of the premisses if the proof of 
the major premiss A D B is in canonical form, because then there is a proof of B 
from A, and by replacing the assumption A in that proof by the proof of the minor 
premiss A, one obtains a proof of B, as is illustrated by the following figure: 

[A] 

I 

# | gives rise to (is reduced to) 

A 5 B A 
B 

[A] stands for the set of assumptions that are discharged by the exhibited 
D -introduction in the first figure and become replaced by the proof of A in the 
second figure. The operation by which the proof to the left is transformed to the one 
to the right, that is, substituting in the proof of B from A the proof of the minor pre- 
miss A for the occurrences of A that belong to [A], is what is called an D-reduction. 
These kinds of reductions, which were introduced explicitly in the proof of the nor- 
malization theorem for natural deduction (Prawitz 1965 [16]), but which Gentzen 
was already quite aware of, 6 have in this way a semantic import in being what shows 



5 “kann man ... aus einem bewiesenen A sofort B schlieB[en]. Denn Ad B dokumentiert ja das 
Bestehen einer Herleitung von B aus A” (Gentzen 1934-35 [4, p. 189]). 

6 Although Gentzen never stated these reductions in any published work, it seemed clear already 
from his example quoted here that he was aware of them. This was later verified when finding an 
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